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Abstract
New general results of non-existence and rigidity of spacelike sub-
manifolds immersed in a spacetime, whose mean curvature is a time-
oriented causal vector field, are given. These results hold for a wide
class of spacetimes which includes globally hyperbolic, stationary, con-
formally stationary and pp-wave spacetimes, among others. Moreover,
applications to the Cauchy problem in General Relativity, are pre-
sented. Finally, in the case of hypersurfaces, we also obtain significant
consequences in Geometrical Analysis, solving new Calabi-Bernstein
and Dirichlet problems on a Riemannian manifold.
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1 Introduction
In addition to geometric interest of the study of spacelike submanifolds, with
causal mean curvature vector field in Lorentzian manifolds, the importance
from a physical point of view is also indisputable. So, for example, trapped
surfaces are nowadays a very intense field of study.
As it is said in [22], their applications in General Relativity are ubiqui-
tous:
the development of the singularity theorems, the general analysis
of gravitational collapse and formation of trapped surfaces and
black holes, the study of the cosmic censorship hypothesis and
the related Penrose inequality], or the numerical analysis of the
Cauchy development of apparently innocuous initial data.
The concept of closed (compact without boundary) trapped surfaces,
was originally formulated by Penrose in 1965 for the case of 2-dimensional
spacelike surfaces in 4-dimensional spacetimes in terms of the signs or the
vanishing of the so-called null expansions (see [26], [17]), and it has remained
that way for many years. Note that the Penrose’s definition implies that a
closed trapped surface is a topological sphere. In recent years it has become
clear that this concept is related to the causal orientation of the mean curva-
ture vector field of the submanifold, which provides a better characterization
of the trapped surfaces and allows their generalization to 2-codimensional
spacelike submanifolds of arbitrary dimension n (see [32] for more details).
Recall that an embedded 2-codimensional spacelike submanifold S is called
a future (resp. past) trapped surface if its mean curvature vector field ~H
is timelike and future pointing (resp. past pointing). When ~H is causal
and future pointing all over the spacelike submanifold and timelike at least
at a point of S, the submanifold is called nearly future trapped, and corre-
spondingly for nearly past trapped. When ~H is causal and future-pointing
everywhere, and non-zero at least at a point of S, the submanifold is said
to be weakly future trapped, similarly for weakly past trapped. Finally, the
submanifold S is called marginally future trapped if ~H is ligthlike and future
pointing all over S and non-zero at least at a point of S, and analogously
for the past case. The case ~H ≡ ~0 corresponds to extremal or symmetric
submanifolds.
There are many recent works about trapped surfaces (this understood in
a broad sense, i.e. marginally, nearly, etc). These works deal with different
aspects of the surfaces: geometrical properties, rigidity, representation, non-
existence results, classification in some spacetimes, causality properties, etc
(see for instance [1], [5], [15], [24], [24], [23] [4], [12] and references therein).
In this work we consider spacelike submanifolds with arbitrary codimen-
sion (including hypersurfaces) and weak assumptions on the mean curvature
vector field, which are immersed in several relevant families of spacetimes.
Notice that the study of spacelike submanifolds of arbitrary dimension and
causal mean curvature is interesting in General Relativity (see for instance
[16]). More specifically, we study immersed compact spacelike submanifolds
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with time-oriented causal mean curvature vector field where, as usual, we
take the zero vector to be null or lightlike (future and past), but not timelike
or spacelike. This paper is mathematical in nature, our study is intrinsic,
i.e., free of coordinates, so it is given in terms of modern differential geom-
etry.
On the other hand, when a smooth causal vector field is not equal to the
zero vector at any point, we will say that the vector field is strictly causal.
A causal vector field is said to be time-oriented if it is future causal or past
causal at every point. Note that every strictly causal smooth vector field is
time-oriented.
Hence, our study is very general and it can be applied to a wide class of
relevant spacetimes. After developing several suitable geometrical equations
in section 3, we obtain the following general result (see Theorem 1).
(a) Let (M,g) be a spacetime, which admits a future causal vec-
tor field X such that the 2-covariant symmetric tensor LXg is
positive semi-definite (resp. negative semi-definite) and positive
definite (resp. negative definite) at some point on spacelike vec-
tors. Then there are no compact spacelike submanifold in (M,g)
with future (resp. past) causal mean curvature, in particular
there are no extremal spacelike submanifold.
(b) Let (M,g) be a spacetime, which admits a future strictly
causal vector field X such that the 2-covariant symmetric tensor
LXg is positive semi-definite (resp. negative semi-definite) on
spacelike vectors. Then there are no compact spacelike subman-
ifolds in (M,g) with future (resp. past) causal mean curvature,
whose mean curvature vector field ~H is not zero at least at a
point.
On other hand, when the spacetime admits some infinitesimal symmetry
in form of a strictly causal Killing vector field, as a direct consequence of
the previous result we obtain:
In a spacetime which admits a strictly causal Killing vector field,
there exists no compact spacelike submanifold with future or past
causal mean curvature vector field ~H except, perhaps, with ~H ≡
~0.
In particular, in a stationary or pp-wave spacetime, there exists
no compact spacelike submanifold with time-oriented causal mean
curvature vector field except, perhaps, with ~H ≡ ~0.
This last result provides an interesting application to the Cauchy prob-
lem in General Relativity (Theorem 4):
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Let (S, g,A) be an initial data set for the Cauchy problem of
the Einstein’s equation. Assume that the Riemannian manifold
S admits a non-minimal compact submanifold P , whose mean
curvature vector field ~h in S satisfies∥∥∥~h∥∥∥ < ∣∣trace|PA∣∣ .
Then, a development spacetime (M, g˜) of this data set cannot be
a stationary spacetime. In fact, such development cannot be a
spacetime with a strictly causal Killing vector field.
In a more general framework, when the spacetime admits a conformal
infinitesimal symmetry, other interesting results for spacelike submanifolds
are described in Section 4 (see, for instance Corollaries 6 and 7). Notice that
our results in this last direction hold in the important class of conformally
stationary spacetimes.
In Section 5, we obtain again results relitive to the Cauchy problem,
so we give several theorems of non-existence of compact spacelike submani-
folds with time-oriented causal mean curvature vector field in development
spacetimes from certain initial data set. For example, we obtain the result
10,
Let (S, g,A) be an initial data set for the Einstein’s Equation,
such that the Riemannian manifold S is simply-connected and
compact, and the tensor field A is negative (resp. positive) def-
inite. Then, there exist two positive constants σi, i = 1, 2, such
that there is no compact spacelike submanifold with future (resp.
past) causal mean curvature, on φ(−σ1,σ2)S, included the extremal
case with ~H = ~0.
Moreover, that constants are unique and only depend on the ini-
tial value set when their maximality are assumed on the max-
imal globally hyperbolic spacetime obtained from the (forwards
and backwards) Cauchy development.
Or for example the Theorem 12,
A spacetime whose timelike sectional curvatures are non-negative
and which admits an (intrinsic) initial data set with negative
(resp. positive) semi-definite shape operator A, does not admit
a submanifold in the future (resp. in the past) of the initial data
set, with future (resp. past) strictly causal mean curvature vector
field.
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Section 6 is devoted to the class of standard statics spacetimes.
Finally, in Sections 7 and 8, some previous results in Section 6 are ap-
plied to study some problems of Geometrical Analysis. Specifically, sev-
eral Calabi-Bernstein and Dirichlet problems on a Riemannian manifold are
solved.
2 Preliminaries
We denote by (M,g) an arbitrary m-dimensional spacetime, namely, a con-
nected m-dimensional oriented and time-oriented Lorentzian manifold pro-
vided with the Lorentzian metric tensor g (see [29]).
The notion of symmetry is essential in Physics. In General Relativity, an
infinitesimal symmetry is usually based on the assumption of the existence
of an one-parameter group of transformations generated by a Killing or,
more generally, conformal Killing (conformal in sort) vector field. In fact, a
usual simplification for the search of exact solutions to the Einstein equation
is to assume the existence, a priori, of such an infinitesimal symmetry ([13],
[14]).
Recall that a vector field K on a spacetime (M,g) if called conformal if
the Lie derivative of the metric tensor g, with respect to K satisfies L
K
g =
2ρg, where ρ is a (smooth) function called conformal factor. When ρ = 0,
K is said to be a Killing vector field. If ρ is another constant, the vector
field is called homothetic (see [13]).
Although different causal characters for the infinitesimal symmetry may
be assumed, the timelike choice is natural, since the integral curves of a
timelike infinitesimal symmetry provide a privileged class of observers or
test particles in the spacetime. Moreover, this causal choice is supported by
very well-known examples of exact solutions (see, for instance [13], [14]).
A spacetime (M,g) admitting a timelike Killing vector field is called
stationary. As is well-known, if a spacetime has a timelike conformal vector
field, then it is globally conformal to a stationary spacetime. For this reason,
such spacetimes are called conformally stationary (CS) spacetimes (see, [3]).
In general, the orthogonal distribution defined by a timelike Killing vector
field K in a spacetime is not necessarily integrable. In the special case that
this distribution is integrable, the spacetime is called static. A standard
model for a static spacetime is given by a warped product P ×h I, where
(P, g) is a Riemannian manifold, I an open interval and h ∈ C∞(P ) a
positive smooth function on P , endowed with the metric
g = π∗
P
(g) − h(π
P
)π∗
I
(dt2). (1)
Here, π
P
and π
I
denote the canonical projections onto the factors P and I,
respectively (see, [25]).
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Another important family of spacetimes with an infinitesimal symmetry
are the so called pp-wave spacetimes, i.e. spacetimes which admit a parallel
global lightlike vector field [31, p. 383]. Moreover, when the spacetime is
Ricci-flat (vacuum solution) it is called gravitational plane wave.
Recall that an isometric immersion x : Sn → Mm, 2 ≤ n < m, in a
spacetime (M,g) is spacelike if the induced metric via x is Riemannian. In
this situation, S is said to be an (immersed) spacelike submanifold of M
(see, [34, Def. 1.27]). Although from a physical point of view the concept
of submanifold in a spacetime usually corresponds to the case of embedding
submanifold (via the inclusion), the geometric results that we obtain in
this work can be formulated for the more general framework of immersed
submanifolds. All the submanifold considered in this work are supposed
connected.
The extrinsic geometry of a submanifold S in a spacetime M is encoded
by its second fundamental form II : X(S) × X(S)→ X⊥(S), given by
II(V,W ) :=
(∇VW )⊥ ,
where ∇ denotes the Levi-Civita connection of the metric g. The mean
curvature vector field can be defined according to several conventions. As
it is usual in General Relativity, we define it as minus the metric contrac-
tion (without dividing by the dimension of the submanifold) of the second
fundamental form, i.e.,
~H = −
n∑
i=1
II(Ei, Ei),
where {E1, ..., En} denotes a local orthonormal frame on S. Note that this
choice of the negative sign is opposite to the one usually taken in Differential
Geometry.
When the immersed submanifold x : S →M is a spacelike hypersurface
(i.e. m = n+1) and the induced metric is Riemannian, the time-orientation
of M allows to take a global unitary timelike vector field N on S pointing
to the future.
Let us represent by g the induced metric on the spacelike hypersurface
S and by ∇ its induced Levi-Civita connection. The Gauss and Weingarten
formulae of S are respectively
∇VW = ∇VW − g(AV,W )N ,
AV = −∇VN ,
for all V,W ∈ X(S), where A is the shape operator associated with N . Then,
the mean curvature function associated with N is given, according to our
convention, by H := trace(A).
6
The mean curvature function is identically zero if and only if the spacelike
hypersurface is, locally, a critical point of the n-dimensional area functional
for compactly supported normal variations. A spacelike hypersurface with
H = 0 is called a maximal hypersurface.
As is well-known, spacelike hypersurfaces in general, and of constant
mean curvature in particular, are interesting objects to study the Einstein
equation (see, for instance [11, Chap.8]). In fact, let (M,g) be an (n + 1)-
dimensional spacetime and denote by Ric and R(g) its Ricci tensor and its
scalar curvature, respectively. Consider a stress-energy tensor field T on
M , namely a 2-covariant symmetric tensor which satisfies some reasonable
conditions from a physical viewpoint (say T (v, v) ≥ 0 for any timelike vector
v, see for example [29, Section 3.3]). It is said that the spacetime (M,g) is
an exact solution to the Einstein equation with zero cosmological constant
and source T , if the spacetime satisfies
Ric− 1
2
R(g)g = T. (2)
If (2) holds, then the following constraint equations are satisfied on each
spacelike hypersurface S in M
R(g)− trace(A2) + trace(A)2 = ϕ (3)
div(A)−∇trace(A) = X, (4)
where g is the Riemannian metric on S induced by g, R(g) its scalar cur-
vature, and ϕ ∈ C∞(S) and X ∈ X(S) depend on the stress energy tensor
T . We remark that equations (3) and (4) are respectively obtained from
the classical Gauss and Codazzi equations for the spacelike hypersurface
x : S →M .
Conversely, given ϕ ∈ C∞(S) and X ∈ X(S), they can be seen as dif-
ferential equations with unknown g and A. Thus, an initial data set for the
Cauchy problem in General Relativity is given by a triple (S, g,A), where
(S, g) is an n-dimensional Riemannian manifold and A : X(S) → X(S) is a
(1, 1)-tensor field, self-adjoint with respect to g, which satisfies the constraint
equations (3) and (4).
A solution to the Cauchy problem for the Einstein equation (2) corre-
sponding to the initial data (S, g,A) is a spacetime (M,g), such that (S, g)
is an (embedded) Cauchy spacelike hypersurface and the tensor field A coin-
cides with the shape operator of the embedding. In this setting, the space-
time (M,g) is called a development of the given initial data set. In [10],
Choquet and Geroch shown that given an initial data set for the Einstein’s
equation, which satisfies the constrain conditions, there exists a development
of that data set, which is maximal in the sense that it is an extension of every
other development.
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3 Set up
Let x : Sn →Mm, n < m, be an isometric immersed spacelike submanifold
in a spacetime (M,g). Let {Ei}ni=1 and {Nj}m−nj=1 be local orthonormal
frames in the tangent vector bundles TS and in the normal vector bundle
T⊥S, respectively. Given a vector field X ∈ X(M), we define the operator
divSX
⊥ :=
∑
i
g
(
∇EiX⊥, Ei
)
=
∑
i,j
ǫj g
(
X⊥, Nj
)
g
(∇EiNj, Ei)
= g
(
X, ~H
)
,
where ǫj = g(Nj , Nj). Hence,
div
(
X⊤
)
= divS (X)− g
(
X, ~H
)
, (5)
where div denotes the divergence operator on (S, g), the operator divS is
defined as
divS (X) :=
∑
i
g
(∇EiX,Ei) ,
and ~H is the mean curvature vector field of x. We should point out that
the operator divS defined as (5) is well-defined, i.e., it is independent of the
chosen local orthonormal frame.
In particular, if the submanifold S is compact (without boundary), then
making use of the Gauss theorem, we can obtain the following integral for-
mula, ∫
S
{
divS (X)− g
(
X, ~H
)}
dVg = 0 , (6)
where dVg is the Riemannian volume element of (S, g).
Here, we must point out several issues. Similar formulas to (5) and (6)
are obtained in [5] for the case of a (embedded) parametric spacelike sur-
face in a 4-dimensional spacetime, Here the authors use a classic coordinate
approach.
On the other hand, in [22] the authors obtain an intergral formula mak-
ing use of the variation of the volumen of any subamanifold, so when the
variation is determined by a Killing vector field, they can obtain an equality
type (6).
4 First results
In the first part of this section we will use the integral formula (6), which
will become a powerful tool. We begin with a general result which allows us
to contextualize our framework.
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Theorem 1 (a) Let (M,g) be a spacetime, which admits a future causal
vector field X such that the 2-covariant symmetric tensor LXg is positive
semi-definite (resp. negative semi-definite) and positive definite (resp. nega-
tive definite) at some point on spacelike vectors. Then there are no compact
spacelike submanifold in (M,g) with future (resp. past) causal mean curva-
ture, in particular there are no extremal spacelike submanifold.
(b) Let (M,g) be a spacetime, which admits a future strictly causal vector
field X such that the 2-covariant symmetric tensor LXg is positive semi-
definite (resp. negative semi-definite) on spacelike vectors. Then there are
no compact spacelike submanifolds in (M,g) with future (resp. past) causal
mean curvature, whose mean curvature vector field ~H is not zero at least at
a point.
Proof. (b) Let us suppose that there exists a compact spacelike submanifold
S in (M,g) with future (resp. past) causal mean curvature vector field.
From the assumption on the Lie derivative of the metric, it follows that
divS(X) is non-negative (resp. non-positive). Then, since the inner product
of two strictly causal tangent vectors is non-vanishing, the integral (6) is
positive (resp. negative). However, this is not possible since S is compact
without boundary (Gauss theorem). The case (a) is analogous.

Note that, as particular cases, Theorem 1 ensurers the non-existence of
weakly, marginally, or nearly future (resp. past) closed trapped surfaces in
such spacetimes. This result must be compared with [5, Lemma 4.1].
We can give a suggestive application of Theorem 1 to the large and
relevant class of globally hyperbolic spacetimes. In [7], the authors show
that an (n+1)-dimensional globally hyperbolic spacetime M is isometric to
a smooth product manifold
R× S , g = −βdT 2 + gˆ,
where S is a smooth spacelike Cauchy hypersurface, T : R × S → R the
natural projection, β : R × S → (0,∞) a smooth function, and gˆ a 2-
covariant symmetric tensor field on R× S, satisfying:
i) ∇T is timelike and past-pointing on M .
ii) ST is a Cauchy hypersurface for all T , and the restriction gˆT of gˆ to
ST is a Riemannian metric.
iii) The radical of gˆ at each point w ∈ R×S is given by the Span{∇T }
at w.
If we consider the canonical projection π
S
on S, which is a diffeomor-
phism restricted to each level hypersurface ST , via πS we can obtain an
one-parameter family of Riemannian metrics gT on the differentiable mani-
fold S.
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In this framework, we can describe a broad family of spacetimes (which
includes, for instance, the hyperbolic case) by considering a differentiable
manifold F , an open interval I ⊂ R and an one-parametric family {gt}t∈I
of Riemannian metrics on F (see [2] for the details). Then, the product
manifold M = I × F can be endowed with the Lorentzian metric given at
each point (t, p) ∈ I × F by
g = βπ∗
R
(−dt2) + π∗
F
(gt) (g = −βdt2 + gt in short),
where π
R
and π
F
denote the canonical projections onto I and F , respectively,
and β ∈ C∞(I×F ) is a positive function. Recall that a spacetime isometric
to a spacetime (M,g = −βdt2 + gt) is called orthogonal-splitted. Note that
a spacetime orthogonal-splitted is stably causal.
It is natural to assume certain homogeneity in the expansive or contrac-
tive behavior of an orthogonal-splitted spacetime. Thus, for each v ∈ TqF ,
q ∈ F , denote by v˜ the lift of v on the integral curve αq(s) = (s, q) ∈ I ×F .
The spacetime is said to be non-contracting in all directions if ∂tβ ≤ 0 and
∂tg(v˜, v˜) ≥ 0, for all q ∈ F and v ∈ TqF . Analogously, the spacetime is called
non-expanding in all directions if the previous inequalities are reversed. Ob-
serve that the spacetime is non-contracting (resp. non-expanding) if and
only if L∂tg is positive semi-definite (resp. negative semi-definite), where L
denotes the Lie derivative.
If we consider the observer field U = 1√
β
∂t, the proper time τ of the
observers in U is given by dτ =
√
β dt. As a consequence, the assumption
∂tβ ≤ 0 (resp. ∂tβ ≥ 0) means that the rate of change (acceleration) of
the proper time with respect to the time function t is non-increasing (resp.
non-decreasing). Observe also that the Lorentzian length | ∂t |= −
√
β is
non-decreasing (resp. non-increasing) along the integral curves of ∂t. All
these physical interpretations can be considered locally.
On the other hand, the spacelike assumption ∂tg(v˜, v˜) ≥ 0 (resp. ∂tg(v˜, v˜) ≤
0) guarantees that an observer in U measures non-contraction (resp. non-
expansion) in all directions of its physical space.
With all of this, as an application of Theorem 1 to the case of orthogonal-
splitted spacetimes, we have:
Corollary 2 Let (M,g) be an orthogonal-splitted spacetime. If the space-
time is non-contracting (resp. non-expanding), then there is no compact
spacelike submanifold in (M,g) with future (resp. past) causal mean curva-
ture, whose mean curvature vector field ~H is not zero at least at a point.
Obviously, the both Theorem 1 and Corollary 2 hold in those regions
of the spacetime where the hypotheses on the Lie derivative of the metric
tensor are satisfied.
Furthermore, direct applications to the family of trapped surfaces can
be given from Corollary 2.
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Note that the causal vector field in Theorem 1 is not necessarily asso-
ciated to an infinitesimal symmetry. When the vector field is Killing, then
the assumptions on the time-orientations can be avoided. Hence, as a corol-
lary of the Theorem 1 we can enunciate the following result, which must be
compared with the Theorem 1 in [22].
Corollary 3 In a spacetime which admits a strictly causal Killing vector
field, there exists no compact spacelike submanifold with future or past causal
mean curvature vector field ~H except, perhaps, with ~H ≡ ~0.
In particular, in a stationary or pp-wave spacetime, there exists no compact
spacelike submanifold with time-oriented causal mean curvature vector field
except, perhaps, with ~H ≡ ~0.
Corollary 3 has interesting applications to the Cauchy problem in Gen-
eral Relativity, as becomes clear with the following result:
Theorem 4 Let (S, g,A) be an initial data set for the Cauchy problem of
the Einstein’s equation. Assume that the Riemannian manifold S admits a
non-minimal compact submanifold P , whose mean curvature vector field ~h
in S satisfies ∥∥∥~h∥∥∥ < ∣∣trace|PA∣∣ . (7)
Then, a development spacetime (M, g˜) of this data set cannot be a stationary
spacetime. In fact, such development cannot be a spacetime with a strictly
causal Killing vector field.
Proof.
Let us denote by ∇S and ∇P the induced connections on Sn and P k
respectively. Let II
S
, II
P
and IIS
P
be the second fundamental forms of S in
M , of P in M and of P in S respectively.
Let us take {E1, ..., Ek} a local orthonormal frame on P , and let us
extend it to a local orthonormal frame {E1, ...Ek, Uk+1, ..., Un} on S. The
mean curvature vector field ~H of P in the spacetime M is given by
− ~H =
k∑
i=1
II
P
(Ei, Ei) =
k∑
i=1
(∇EiEi)⊥
=
n∑
j=k+1
k∑
i=1
g(∇EiEi, Uj)Uj −
k∑
i=1
g(∇EiEi, N)N,
where N denotes the future unitary normal vector field to S in the develop-
ment M .
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On the other hand, if ⊥S
P
stands for the orthogonality to P in S,
−~h =
k∑
i=1
IIS
P
(Ei, Ei) =
k∑
i=1
(∇SEiEi)⊥
S
P
=
k∑
i=1
((∇EiEi)− IIS (Ei, Ei))⊥
S
P =
k∑
i=1
(∇EiEi)⊥
S
P .
Now, taking into account that
k∑
i=1
(∇EiEi)⊥ = IIS(Ei, Ei) =
k∑
i=1
g˜(∇EiEi, N)N
=
k∑
i=1
g(AEi, Ei)N =
(
trace|PA
)
,
we get that the mean curvature vector field ~H of P in M is related to the
mean curvature vector field ~h of P on S as
~H = ~h+
(
trace|PA
)
N . (8)
Observe that
(
trace|PA
)
= −g˜( ~H, ~N) and so, from (7), we have that ~H
is strictly causal (otherwise, P is minimal in S). Finally, the result follows
from Corollary 3. 
Remark 5 Note that trace|PA is well-defined, i.e., it is independent of
the local frame chosen, as becomes clear from the equality
(
trace|PA
)
=
−g˜( ~H, ~N).
A more general result than Corollary 3 can be given in the case of ex-
istence of a causal conformal vector field. In this setting, we need ask the
conformal factor to be signed:
Corollary 6 If a spacetime (M,g) admits a future strictly causal confor-
mal vector field K whose conformal function ρ is non-negative (resp. non-
positive), then it admits no compact spacelike submanifold with future (resp.
past) time-oriented causal mean curvature except, perhaps, with ~H ≡ 0.
Proof. It is enough to observe that divS(K) = nρ and to reason as in
Theorem 1. 
If, moreover, we assume that the conformal factor cannot be identically
zero, the conclusion is stronger:
Corollary 7 If a spacetime (M,g) admits a future strictly causal conformal
vector field K, whose conformal factor ρ is a non-zero, non-negative (resp.
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non-positive) function, then it admits no compact spacelike submanifold with
future (resp. past) causal mean curvature, including the extremal case with
~H = ~0.
Note that Corollary 7 applies naturally to spacetimes admitting an ho-
mothetic sytrictly causal conformal vector field. Moreover, both Corollaries
6 and 7 admit interesting applications to the case of (weakly, marginally,..,
etc) trapped surfaces. They also hold for the important family of confor-
mally stationary spacetimes. So, for instance, we can enunciate (compare
with consequences of Lemma 4.1 in [5]),
Corollary 8 Let (M,g) be a conformally stationary spacetime, such that
the conformal factor of its future timelike conformal vector field is a non-
negative and non vanishing identically (resp. non-positive and non vanishing
identically) function. Then, M does not admit compact future (resp. past)
trapped, nearly trapped, weakly trapped, marginally trapped and extremal sur-
faces.
5 On the intrinsic Cauchy problem in General Rel-
ativity
In this section, we study how the existence of a certain compact (without
boundary) spacelike hypersurface in a spacetime (M,g) can determine the
non-existence of compact spacelike submanifolds with strictly causal mean
curvature around S. We apply this fact by establishing suitable conditions
to a set of initial data for the Cauchy problem in General Relativity, so
obtaining interesting consequences.
Let S be a spacelike hypersurface immersed in the spacetimeM . Assume
that S has a global timelike future normal vector field N . We can define
a natural extension N of N on an open tubular neighborhood of S in M .
Indeed, given an arbitrary point p ∈ S we consider the unique geodesic
φp(t) = expp(tNp) with velocity Np at p. Therefore, the map φp(t) define
the flow of the extension N. Due to the construction itself, it is clear that
the 1-form N
♭
metrically equivalent to N satisfies that dN = 0. As a direct
consequence we have that
g
(∇XN,Y ) = 1
2
(LNg) (X,Y )
for X,Y ∈ X(M). Hence, the (1, 1)-tensor field A : X(M) → X(M) defined
by g
(
AX,Y
)
= −12
(LNg) (X,Y ) extends in a canonical way the shape
operator of S.
We denote by φ(−ǫ,ǫ)S the open subset in the spacetime M given by the
points q of M such that q = φp(r) for p ∈ S and r ∈ (−ǫ, ǫ). Physically, it
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is the portion of the spacetime which is Cauchy-development forwards and
backwards from S up to a quantity of ǫ. Analogously we can define φ(−ǫ,ǫ)Ω,
being Ω ⊂ S a domain in S.
Theorem 9 Let (S, g,A) be an initial data set for the Einstein’s Equation
such that the tensor field A is negative (resp. positive) definite. Then, for
any compact domain Ω ⊂ S, there exists ǫ > 0 such that there is no compact
spacelike submanifold with future (resp. past) causal mean curvature, on
φ(−ǫ,ǫ)Ω, included the extremal case with ~H = ~0.
Proof. Consider a geodesic γp : (−δ, δ) → M , with γp(0) = p ∈ Ω ⊂ S
and γ′p(0) = Np. On γp we consider the function η := det(A ◦ γp) Then,
there exists a positive number δ+ ≤ δ, such that the sign of η is constant
on (−δ+, δ+) and this implies that A is negative definite on that interval.
Otherwise, it would have a zero eigenvalue and so its determinant would be
null, which is a contradiction.
Now, since Ω is compact, we can find another positive constant ǫ such
that for any geodesic γq : (−ǫ, ǫ)→M , q ∈ Ω, the same holds. Equivalently,
A is negative definite on φ(−ǫ,ǫ)Ω.
The proof finishes using Theorem 1 for the timelike vector field N , whose
divergence is positive. The other case proof is analogous. 
The assumptions of compactness and 1-connection can be used to state
the following interesting consequence,
Corollary 10 Let (S, g,A) be an initial data set for the Einstein’s Equation,
such that the Riemannian manifold S is simply-connected and compact, and
the tensor field A is negative (resp. positive) definite. Then, there exist
two positive constants σi, i = 1, 2, such that there is no compact spacelike
submanifold with future (resp. past) causal mean curvature, on φ(−σ1,σ2)S,
included the extremal case with ~H = ~0.
Moreover, that constants are unique and only depend on the initial value
set when their maximality are assumed on the maximal globally hyperbolic
spacetime obtained from the (forwards and backwards) Cauchy development.
Remark 11 Corollary 10 admits the following nice topological interpreta-
tion: any compact spacelike submanifold with future (resp. past) causal
mean curvature is far from any simply-connected compact Cauchy hyper-
surface with negative (resp. positive) definite shape operator.
We can weaken the assumption on the operator A, assuming an initial
data set (S, g,A) with A negative semi-definite. In fact, let γ be an arbitrary
integral curve of the geodesic timelike vector field N and consider a spacelike
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vector field X on γ, such that X commute with N . Then
−g (R(N,X)N,X) = g (∇N∇XN,X)
=
1
2
γ′
((LNg) (X,X)) − g (∇XN,∇XN) .
Since the last addend is always non-positive, the previous equality means
that γ′
((LNg) (X,X)) is non-negative if so is the sectional curvature of
timelike planes in the spacetime. In particular, since
(LNg) (X,X) is non-
negative at S (for any tangent vector X), then the same holds in the future
of S. Thus, if the sectional curvature of timelike planes is non-negative, then(LNg) is positive semi-definite positive in the future of S.
Therefore, we can state
Theorem 12 A spacetime whose timelike sectional curvatures are non-negative
and which admits an (intrinsic) initial data set with negative (resp. positive)
semi-definite shape operator A, does not admit a submanifold in the future
(resp. in the past) of the initial data set, with future (resp. past) strictly
causal mean curvature vector field.
Remark 13 Again, the assumption on the strictly causality of the mean
curvature of the spacelike submanifold can be relaxed. In fact, it suffices to
be time-oriented causal, but not identically zero.
The techniques used in this section can be applied to obtain non-existence
results of trapped surfaces.
6 Standard static spacetimes
In [18], under natural causality assumptions, it is proved that a spacetime
(M,g) which admits a complete timelike Killing vector field must be stan-
dard stationary. That is, M splits as a topological product of an open inter-
val of the real line (R,−dt2) and a Riemannian manifold (M
0
, g
0
) endowed
with the metric
g = π∗
0
g
0
+ π∗
0
w ⊗ π∗
I
dt+ π∗
I
dt⊗ π∗
0
w − h(π
0
)2 π∗
I
dt2 .
Here, π
I
and π
0
denote the canonical projections onto the factors I and M
0
,
respectively, h is a smooth function on M
0
and w is a differential one-form
on M
0
. If we put t := π
I
, then the coordinate vector field ∂t :=
∂
∂t is a
timelike Killing vector field and ∇t = − 1
h2
∂t.
A standard stationary spacetime such that the one-form w vanishes iden-
tically is called standard static. In this case the timelike Killing vector field
is also irrotational and, as a consequence, its orthogonal distribution is inte-
grable (see[25, Ch. 7]). Following [25, Ch. 7], indeed it is a warped product
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that we will denote by M
0
×h I whose metric can be written (in short) as
g = −h2dt2 + g
0
.
A relevant family of spacelike hypersurfaces in the standard static space-
time M
0
×h I is given by the so called spacelike slices, i.e., the level hyper-
surfaces for the time function t. Note that each spacelike slice is a totally
geodesic spacelike hypersurface.
Given a spacelike submanifold S in the spacetime static M
0
×h I, we will
denote the restriction of the temporal function t to S by τ := π
I
◦ x. Then
∇τ = − 1
h2
∂⊤t ,
where ∂⊤t denotes the tangential component of ∂t along S. Hence, it is not
difficult to see that the Laplacian of τ on S is given by
∆τ =
2
h3
∂⊤t (h) +
n
h2
g
(
~H, ∂t
)
. (9)
Assume now that S has dimension at least three and consider the metric
g˜ = h4/(n−2)g , (10)
which is conformal to g. From (9) and taking into account the relation of
the Laplacians for conformal metrics (see [6]), it follows that the Laplacian
of τ on (S, g˜) is
∆˜τ = nh−2n/(n−2) g
(
~H, ∂t
)
. (11)
Remark 14 Note that, in the 2-dimensional case, this conformal metric
cannot be considered. However, next we show a simple procedure which
allows to extend the techniques that we will use, via this conformal change,
to the 2-dimensional case.
In fact, given a standard stationary spacetime (I ×M
0
, g), we can con-
sider the new spacetime given by (I ×M
0
× S2, g + g
S2
), where g
S2
denotes
the usual metric of the Riemannian sphere. Now, given a spacelike surface
x : S → I ×M
0
, we can define a new spacelike submanifold in the extended
spacetime, x′ : S × S2 → I ×M
0
× S2 as x′(p, s) = (x(p), s), p ∈ S, s ∈ S2.
Observe that the mean curvature vector field of x′ is the one of x lifted to
I ×M
0
× S2, and consequently it keeps the same causal character. In this
setting, we are able to apply the conformal change described above.
Note that the manifold S2 may be replaced with S1. However, we choose
S
2 since it is simply-connected, and so it does not produce any susceptible
change regarding to the original topologies. Note also that the same tech-
nique can be used for curves (in this case, the mean curvature is nothing
but its acceleration).
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With all of this, we have:
Theorem 15 Let (M,g) be a standard static spacetime. Then, there exists
no spacelike submanifold S in M whose mean curvature vector field ~H sat-
isfies g
(
∂t, ~H
)
≥ 0 (resp. ≤ 0) and such that the function τ attains a local
minimum (resp. maximum) value on S.
Proof. From g
(
∂t, ~H
)
≥ 0 and using also (11), we have that the function τ
is g˜-subharmonic on the compact submanifold S. Therefore, the result easily
follows from the classical Hopf maximum principle (see [20], for instance).
The case g
(
∂t, ~H
)
≤ 0 can be reasoned analogously.

In the case of compact spacelike submanifolds, we can state the following
rigidity result:
Theorem 16 In a standard static spacetime (M,g), the only compact space-
like submanifolds such that g
(
∂t, ~H
)
≤ 0 (or ≥ 0 ), must be contained in a
spacelike slice.
Proof. It is enough to observe that the function τ is g˜-subharmonic or
g˜-superharmonic on a compact Riemannian manifold, and so τ must be
constant. 
The case of vanishing mean curvature corresponds to critical points of the
area functional for normal variations with compact support. Following the
usual nomenclature, a spacelike submanifold with vanishing mean curvature
is said to be extremal.
Corollary 17 In a standard static spacetime (M,g), every extremal com-
pact submanifold must be contained, as a minimal submanifold, in a spacelike
slice.
Proof. From Theorem 16 we have that an extremal spacelike submanifold
must be contained in a spacelike slice. Now, taking into account that each
slice is totally geodesic and using also (8), the result follows. 
As regards to the particular case of spacelike hypersurfaces in a standard
static spacetime, note that they admit a globally defined future-oriented
unitary normal vector field N (where we have time-oriented the spacetime
according to ∂t pointing to future). Then, the mean curvature vector field
can be written as ~H = H N , where H is the mean curvature function.
Observe that g
(
N, ∂th
)
= − cosh θ, where θ is the hyperbolic angle between
the normal vector field and the observers determined by the Killing vector
field. As another consequence of the conformal change of metric (10) and
(11), we can state the following result, which may be compared with [3,
Theorem 4.6].
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Theorem 18 In a standard static spacetime (M,g), any compact spacelike
hypersurface S with signed (in particular, constant or zero) mean curvature
function must be a totally geodesic spacelike slice.
Proof. Again, it comes from the subharmonic or superharmonic character
of the function τ on the compact hypersurface S. 
Although with a different approach, Theorem 16 and Corollaries 17 and
18 must be compared with main results in [22] and [30].
Recall that a complete and simply connected Riemannian manifold is
called a Cartan-Hadamard Riemannian manifold provided that it has non-
positive sectional curvatures. In [28, Cor. 36], the authors showed that
a simply-connected compact manifold cannot be minimally immersed in a
complete Cartan-Hadamard manifold. As a consequence of this result, we
have:
Theorem 19 Let (M,g) be a standard static spacetime. Assume that its
base (M,g0) is a Cartan-Hadamard Riemannian manifold. Then, the space-
time M admits no simply-connected compact extremal submanifolds with
codimension greater than one.
Proof. It follows from Corollary 17. 
The following result is a direct consequence.
Corollary 20 Let (S, g,A ≡ 0) be an initial value set such that (S, g) is
a Cartan-Hadamard Riemannian manifold. If the spacetime developed is
stationary, then it does not admit a simply-connected compact extremal sub-
manifold with codimension greater than one.
In another setting, since the simply-connected compact minimal surfaces
of the round sphere S3 are totally geodesic [21], we can state the following
characterization of the maximal surfaces in a highlighted family of space-
times which includes the Einstein static spacetime.
Corollary 21 The only simply-connected compact extremal surfaces of S3×h
I are the totally geodesic surfaces of S3 ≡ {t
0
} × S3, t
0
∈ I.
7 Calabi-Bernstein type problems
In the literature, the research on maximal hypersurfaces is notably marked
by the discovery of new nonlinear elliptic problems. For instance, the en-
tire functions defining a minimal graph in the (n+ 1)-dimensional Lorentz-
Minkowski spacetime Ln+1, satisfy a non-linear elliptic second order PDE,
similar to the equation of minimal graphs in the Euclidean space Rn+1. Nev-
ertheless, in contrast to the Euclidean setting, in the Lorentzian case the
only entire solutions to the maximal hypersurface equation are the affine
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functions defining spacelike hyperplanes. This result was previously proved
by Calabi [8] for n ≤ 4 and later extended for any n in the seminal paper
by S.Y. Cheng and S.T. Yau [9]. It is so known as the Calabi-Bernstein
theorem.
Another remarkable difference with the Bernstein theorem for minimal
graphs in the Euclidean space Rn+1 is that the Bernstein’s Theorem holds
only for n ≤ 7, [33].
In this section, we will a Calabi-Bernstein type result. Specifically, we
will obtain a uniqueness result for a family of nonlinear elliptic partial dif-
ferential equations, which arises from a geometrical problem for maximal
graph in a family of spacetimes.
Let (M0 ×h I, g) be a standard static spacetime, whose base is given by
the Riemannian n-dimensional manifold (M0, g0). A function u ∈ C∞(M0)
defines an entire graph Σu = {(p, u(p)) ∈M0 ×h I} which is an embedded
hypersurface in M0 ×h I. Given a function f ∈ C∞(M0), let us denote by
∇0f its gradient on M0, that is
∇0f = ∇f + g(f, 1√
h
∂t)
∂t√
h
.
Consequently, the graph Σu is a spacelike hypersurface if and only if
h |∇0u|2 < 1.
On the other hand, the normal vector field of this graph with the same
time-orientation than −∂t is
N =
1√
1
h − |∇0u|2
{
∇0u− 1
h
∂t
}
.
Then, the hyperbolic angle function of Σu is given by
cosh θ = g(N, ∂t) =
1√
1− h |∇0u|2 .
In particular, the graph has bounded hyperbolic angle if and only if h |∇0u|2
is bounded away from a certain α < 1, which always hols in the spacelike
compact case.
If we denote by N0 the projection of the normal vector field N on TM0,
then the mean curvature function (i.e. the length of the mean curvature
vector field) of Σu can be computed as
divN = div0(N
0)− g
(
∇ ∂t√
h
N0,
∂t√
h
)
+ div
(
g(N,
∂t√
h
)
∂t√
h
)
= div0

 ∇0u√
1
h − |∇0u|2

+ g
0

 ∇0u√
1
h − |∇0u|2
,
1
2
∇0 log h

 ,
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where div0 is the divergence operator of M0.
We are interested in obtaining all the entire solutions u to the equation
divN = H,
with the constrain h |∇0u|2 < 1, on a compact Riemannian manifold, where
H is a known signed smooth function. Observe that this constrain assures
the elliptic character of the non-linear problem.
From Theorem 16, we get (compare with the same kind of results pre-
sented in [27])
Theorem 22 Let (M0, g0) be a compact Riemannian manifold, and let h :
M0 −→ R be a positive smooth function. Consider H ∈ C∞(M0) a signed
smooth function. Then, the equation
div0

 ∇0u√
1
h − |∇0u|2

 = 1
2
√
1
h − |∇0u|2
g
0
(∇0u,∇0 log h) = H
h | Du |2< 1 ,
has solution only provided that H ≡ 0. Moreover, in this case the only
solutions are the constant functions.
8 Dirichlet problems
In this final section, we focus on the problem of determining a spacelike
hypersurface with boundary S in a standard static spacetime M0 ×h R,
which satisfies that its boundary is included in a spacelike slice. We will
also assume that the mean curvature function H is signed.
Theorem 23 LetM0×hR be a standard static spacetime and let S be an ori-
entable compact hypersurface S whose boundary ∂S is included in a spacelike
slice {t = t
0
}, t0 ∈ R. If the mean curvature function H of S is non-negative
(resp. non-positive) and τ(S) ≥ t0 (resp. τ(S) ≤ t0), then the hypersurface
S must be contained in the slice {t = t
0
}.
Proof. On the hypersurface S, endowed with the conformal metric g˜ (and
dimensionally extended if necessary), we consider the vector field (τ−t
0
) ∇˜τ .
Obviously, it vanishes on the boundary ∂S.
Now, we can use the Divergence theorem to obtain
0 =
∫
S
(
(τ − t0) ∆˜τ + |∇˜τ |2g˜
)
dS ,
where dS denotes the Riemannian volume element of the manifold (S, g˜).
From (11) it follows that the integrating function is signed under our as-
sumptions, which implies that τ must be constant. 
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Corollary 24 Let M0×h I be a standard static spacetime. Every orientable
compact maximal hypersurface S such that ∂S ⊂ {t = t
0
} is contained in
the spacelike slice {t = t
0
}.
We can enunciate Theorem 23 in term of solutions of a partial differential
inequality as follows
Theorem 25 Let Σ be a compact domain in a Riemannian manifold (M0, g0)
and let h be a smooth positive function defined on Σ. Then, the only solu-
tions u defined on Σ to the problem
div0

 ∇0u√
1
h − |∇0u|2

− 1
2
√
1
h − |∇0u|2
g
(∇0u,∇0 log h) ≤ 0
h | Du |2< 1 ,
u|∂Σ = u0 (u0 ∈ R) ,
u ≥ u
0
,
are the constant functions.
Analogously, we have the following Dirichlet problem,
Theorem 26 Let Σ be a compact domain in a Riemannian manifold (M0, g0)
and and let h be a smooth positive function defined on Σ. Then, the only
solutions to the Dirichlet problem on Σ
div0

 ∇0u√
1
h − |∇0u|2

 = 1
2
√
1
h − |∇0u|2
g
(∇0u,∇0 log h)
h | Du |2< 1
u|∂Σ = u0 (u0 ∈ R) ,
are the constant functions.
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